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ABSTRACT 
Ten years  of ex tens ive  research  i n  computer graphics  has  produced a 
c o l l e c t i o n  of b a s i c  a lgori thms and procedures whose u t i l i t y  spans many d i s c i -  
p l ines ;  they can be regarded as t o o l s .  These t o o l s  are descr ibed i n  terms of 
t h e i r  fundamental aspec ts ,  implementations, app l i ca t ions ,  and a v a i l a b i l i t y .  
Programs which are discussed include b a s i c  da t a  p l o t t i n g ,  curve smoothing, 
and depic t ion  of 3-dimensional sur faces .  A s  an a i d  t o  p o t e n t i a l  users  of 
these  t o o l s ,  p a r t i c u l a r  a t t e n t i o n  is  given t o  d iscuss ing  t h e i r  a v a i l a b i l i t y  
and, where appl icable ,  t h e i r  cos t .  
INTRODUCTION 
Direct  computer-produced graphica l  ou tput ,  once considered a luxury, is 
becoming r e l a t i v e l y  commonplace. The a v a i l a b i l i t y  of  low cos t  p l o t t e r s  and 
d isp lay  terminals  is  l a r g e l y  respons ib le  f o r  t h e  t r end .  Increased usage of 
computer graphics  has given rise t o  a need f o r  appl ica t ion-or ien ted ,  non- 
research,  graphica l  software.  It i s  t h e  goa l  of t h i s  paper t o  p o i n t - o u t  
and d iscuss  such software.  The hope i s  t h a t  dup l i ca t ion  of e f f o r t  can be 
avoided and t h a t  t h e  use  of non-general, low q u a l i t y  graphic  sof tware w i l l  
be discouraged. 
The sof tware t o  be descr ibed here  i s  of such gene ra l i t y ,  widespread u t i l -  
The paper,  
i t y  and ready a v a i l a b i l i t y  s o  as t o  be c l a s s i f i e d  as a too l -a  t o o l  t o  be  
employed t o  the  use r ' s  advantage and no t  encumber him i n  h i s  work. 
then, i s  a survey of s o r t s ,  b u t  a r a t h e r  l imi ted  one. W e  s h a l l  not  d i scuss  any 
sof tware i n  t h e  research s t a g e s ,  nor  any software t h a t  is  not  r e a d i l y  avai lable .  
Moreover, s i n c e  device and system independence are a l s o  valued a t t r i b u t e s ,  
vendor suppl ied packages, no matter how good, w i l l  no t  be discussed. I n  what 
follows w e  s h a l l  d i scuss  b a s i c  da t a  presenta t ion  techniques,  bo th  fo r  two and 
th ree  dimensions. 
described (e. g. c l ipp ing  and shadin& 
Then c e r t a i n  da t a  processing and enhancement methods w i l l  be  
DATA PRESENTATION (2-Dimensional) 
Overview 
One of t h e  most u s e f u l  a p p l i c a t i o n s  of computer graphics is  da ta  presenta- 
t i o n ,  o r  graphing of d a t a  on an axis system. The two-dimensional graph is the  
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most common q u a l i t a t i v e  and quan t i t a t ive  method of representing r e l a t i o n s  among 
data.  Several software too l s  have been developed t o  f a c i l i t a t e  t h e  d a t a  presen- 
t a t i o n  process,  ranging from automatic axis scale determination t o  passing 
smooth curves through t h e  da ta  points.  
Automatic Sca le  Generation 
I f  we impose t h e  reasonable r e s t r i c t i o n  t h a t  t he  s c a l e  t o  be determined is  
nice" o r  readable, t h e  process of automatic scale s e l e c t i o n  i s  not a t  a l l  
t r iv ia l .  A scale obtained by d iv id ing  the  span of a v a r i a b l e  by t h e  corres- 
ponding a x i s  length  w i l l  almost never s a t i s f y  t h i s  r e s t r i c t i o n .  "Nice" scale 
- i n t e r v a l s  w i l l  never have values l i k e  0.125 o r  1.1 but r a t h e r  w i l l  be  more 
usable values l i k e  0 .1  o r  2.0. Even where a "nice" i n t e r v a l  o f ,  say 5 ,  is 
used, corresponding axis l a b e l s  l i k e  -1, 4 ,  9 ,  etc. ,  would not qua l i fy  as a 
readable scale. Tastes may d i f f e r  on r e a d a b i l i t y  but t he re  are some funda- 
mental good p r a c t i c e s  t h a t  should be  followed i n  scale se l ec t ion .  
I 1  
Several algorithms have been published f o r  automatic production of readable 
sca l e s .  They a l l  produce acceptable r e s u l t s  and w e  s h a l l  descr ibe  only one i n  
some d e t a i l ,  t h e  algorithm due t o  L e w a r t  ( r e f .  1). The r u l e s  are simple-the 
scale i n t e r v a l s  must be t h e  product of an in t ege r  power of t en  and one of a set  
of "nice" coe f f i c i en t s .  
and 5 but ind iv idua l  taste may allow perhaps 4 and 8 t o  be included. 
requirement is  t h a t  a x i s  l a b e l s  must be i n t e g e r  mul t ip les  of t he  scale in t e r -  
va ls .  
da t a  it represents .  When t h e  algorithm is  applied t o  each ax i s , t he  r e s u l t i n g  
graph is  "efficient"-the d a t a  come as c lose  as poss ib le  t o  f i l l i n g  the  avail- 
a b l e  p l o t t i n g  area. Figure 1 shows t h e  r e s u l t s  of applying t h i s  algorithm t o  a 
s i t u a t i o n  where a da ta  zoom is performed on the  o r i g i n a l  graph. The algorithm, 
being general, can adapt t o  any s i t u a t i o n .  Comparable algorithms are described 
i n  references 2 and 3. 
Certainly t h i s  set should cons is t  of a t  least  1, 2, 
The next 
These requirements r e s u l t  i n  an axis whose extremes w i l l  embrace the  
Labelling with Software Characters 
A common goal i n  t h e  preparation of computer-produced d a t a  representa t ions  
is  t o  make them report-ready, i .e. no subsequent draftsman work should be 
required. 
should be of high qua l i t y .  
w i l l  not s u f f i c e  f o r  t h i s ;  something more e legant  i s  des i red .  The nonpareil  of 
a l l  software charac te r  f o n t s  are those developed by Hershey ( r e f .  4 ) .  Complete 
fon t  d i g i t i z a t i o n s  as w e l l  as several soph i s t i ca t ed  typographic subroutines are 
ava i l ab le  f o r  t he  c o s t  of mailing a tape. A sample of t e x t u a l  output using 
Hershey's fon t s  i s  shown i n  f i g u r e  2;  nothing more need be sa id .  
If t h i s  goal i s  t o  be a t t a i n e d , a l l  t e x t  t h a t  appears on the  graph 
The usua l  s t i c k  f igu re  software charac te rs  usually 
Curve F i t t i n g  
W e  s h a l l  make a d i s t i n c t i o n  now between curve f i t t i n g ,  where one attempts 
t o  pass a smooth curve through a l l  d a t a  po in t s ,  and curve smoothing, where a 
smooth curve i s  passed through a neighborhood of a l l  po in t s  according t o  some 
leas t - squares  c r i t e r i o n .  The la t ter  process i s  use fu l  where the  d a t a  is  
s ta t is t ical  o r  imprecisely known; t h i s  w i l l  be discussed i n  t h e  next sec t ion .  
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In  a case where d a t a  are p rec i se ly  known and no smoothing is  required,  one 
o f t en  wishes t o  j o i n  t h e  da t a  po in t s  w i th  a continuous curve. The process is 
t r iv ia l ,  of course, i f  many intermediate d a t a  po in t s  can be ca lcu la ted  so  t h a t  
jo in ing  them by a s t r a i g h t  l i n e  produces a s u f f i c i e n t l y  smooth curve. This is 
o f t en  not  feasible,however. It may be t h a t  t h e  d a t a  are derived from an expen- 
sive computation, as i n  t h e  so lu t ion  of a set  of nonlinear par t ia l  d i f f e r e n t i a l  
equations, o r  t h e  o r i g i n a l  computational scheme i s  not  ava i l ab le ,  such as da ta  
obtained from a t a b l e  of thermophysical p roper t ies .  
Without b e n e f i t  of p r i o r  experience, one i s  tempted t o  t r y  t o  produce a 
smooth curve by using e i t h e r  a g loba l  high order polynomial f i t  t o  a l l  da t a  
po in t s  o r  t o  produce intermediate po in t s  by second o r  higher order interpola- 
t ion .  Neither approach is  ever very successfu l ;  unwanted o s c i l l a t i o n s  usua l ly  
r e s u l t .  An exce l len t  overview of these  problems is  found i n  Akima's paper 
( r e f .  5) where he  proposes a new scheme f o r  curve f i t t i n g .  H i s  cont r ibu t ion  
w a s  t o  devise a new way of l o c a l l y  computing s lopes  a t  each d a t a  point and 
using these  s lopes  t o  cons t ruc t  a series of cubic polynomials, continuous a t  
each j o i n .  The program t h a t  implements t h i s  algorithm appears i n  re ference  6. 
The author has not  been a b l e  t o  f ind  a s i t u a t i o n  where Akima's method f a i l s .  
It is inexpensive as w e l l  as accurate.  Figure 3 demonstrates i t s  c a p a b i l i t i e s .  
In some instances Akima's method produces a curve of g r e a t e r  curvature 
than may be des i red ,  e s p e c i a l l y  where t h e  o r i g i n a l  d a t a  is  sparse.  I n  t h i s  
case one should consider t h e  tension s p l i n e s  of Cline ( r e f .  7) .  Cline develops 
a rigorous theory f o r  these  curves but pragmatically w e  can imagine them t o  be 
f l e x i b l e  w i r e s  which are passed through a series of e y e l e t s  ( t he  da t a  poin ts )  
and made as t a u t  as one wishes by pu l l ing  on e i t h e r  end. The amount of tension 
i s  under con t ro l  of t h e  user ,  which i s  a t  t h e  same t i m e  an advantage and draw- 
back of t h e  approach. 
appropriate.  Figure 4 shows Cl ine ' s  method using d i f f e r e n t  amounts of tension 
on t h e  same set  of data.  
It i s  not c l e a r  a p r i o r i w h a t  value of tension is  
Curve Smoothing 
For d a t a  t h a t  is  imprecisely known o r  s ta t is t ical  i n  na ture ,a  c u r v e - f i t t i n g  
approach as described above would be inappropriate.  Rather, w e  wish t o  obta in  
some smooth, mean curve t h a t  passes through t h e  neighborhood of t h e  da ta  
according t o  some leas t - squares  c r i t e r i o n .  Often, t h e  curve obtained is  t o  be 
used f o r  f u r t h e r  computation such as d i f f e r e n t i a t i o n  o r  i n t e rpo la t ion  so  it  is  
important t o  perform t h e  smoothing accura te ly .  Var ia t ions  t h a t  are statis- 
t i c a l l y  s i g n i f i c a n t  must be accounted f o r ;  thus ,  t h e  method must be  capable of 
recognizing trends.  There are, by t h e  way, many nonlinear regression techniques 
t h a t  have been developed i n  t h e  s ta t i s t ica l  l i t e r a t u r e  ( r e f s .  8 and 9) t h a t  
treat t h i s  problem, bu t  t o  use them one must usua l ly  make some assumptions about 
t h e  func t iona l  form of t h e  da ta .  The method of smoothing s p l i n e s ,  however, 
requi res  no such assumptions and it i s  t h i s  technique w e  discuss.  Here a 
series of s p l i n e  curves are computed which j o i n  continuously a t  knots. 
may o r  may no t  coincide with d a t a  poin ts ;  t h e  number of them and t h e i r  pos i t i on  
are se l ec t ed  by t h e  program s o  as t o  produce a b e s t  f i t ,  subjec t  t o  a least- 
squares cons t r a in t .  The use r  can supply weighting f a c t o r s  t o  t h e  o r i g i n a l  d a t a  
s o  t h a t  o u t l i e r s  can be eliminated from t h e  smoothing process. 
Knots 
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Two smoothing s p l i n e  algorithms have been published i n  t h e  l i t e r a t u r e .  The 
method of Powell (ref.  10) requi res  somewhat more user  judgment than one would 
l i k e  but seems t o  produce good r e s u l t s .  Lyche and Schumaker ( r e f .  11) have des- 
cribed a method t h a t  i s  based upon l o c a l  procedures, bu t  i t  is published i n  
Algol and involves a recurs ive  procedure. Thus, t h e  program cannot be e a s i l y  
t r a n s l i t e r a t e d  i n t o  FORTRAN. Results t y p i c a l  of Powell's algorithms are shown 
i n  f igu re  5. Details on a t h i r d  smoothing s p l i n e  algorithm have not been pub- 
l i shed  but  t h e  rou t ine  t h a t  implements i t  i s  ava i l ab le  from Kahaner ( r e f .  12). 
This rou t ine  is noteworthy because i t  allows the  user  t o  apply c e r t a i n  boundary 
conditions t o  t h e  r e s u l t i n g  smooth curve. The o the r  algorithms do no t  allow 
t h i s ,  a f a c t  which may sometimes prove objectionable.  
DATA PRESENTATION (3-Dimensional) 
Overview 
Often one wishes t o  d isp lay  b i v a r i a t e  d a t a  i n  t h e  form of a sur face ,  a pro- 
j e c t i o n  of t h e  three-dimensional representa t ion  of t he  da ta .  
s en ta t ion  i s  seldom of any q u a n t i t a t i v e  u s e , i t  can provide valuable in s igh t  i n t o  
the  behavior of complex da ta se t s .  
where t h e  t r a n s f e r  func t ion  of an underwater sound s i g n a l  i s  represented ( r e f .  
13). The s t e p s  required t o  obta in  a p lo t  such as t h i s  can be d i f f i c u l t ,  depend- 
ing  upon t h e  o r i g i n a l  form of t h e  data. 
below. 
While t h i s  repre- 
Such a representa t ion  i s  shown i n  f igu re  6 
A l l  p o s s i b i l i t i e s  w i l l  be discussed 
In t e rpo la t ion  on a Regular G r i d  
W e  are imagining a d a t a s e t ,  func t iona l  o r  t abu la r ,  Z(X,Y), where Z is some 
a l t i t u d e  o r  t h i r d  dimension assoc ia ted  with every coordinate p a i r  X,Y. 
da ta  happen t o  have been derived on a regular  l a t t i c e ,  t h a t  is, Z i s  known a t  a l l  
po in t s  on a spec i f i ed  X-Y a r r ay ,  intermediate po in t s  can be obtained f a i r l y  
eas i ly .  It i s  no t  even necessary t h a t  t he  l a t t i c e  spacing be the  same i n  the  X 
and Y d i r ec t ions ;  i t  simply must be regular .  The production of intermediate 
po in t s  with t h e  a i m  of p l o t t i n g  a smooth sur face  can be approached as a s i m p l e  
b i v a r i a t e  i n t e rpo la t ion  problem. Unless t h e  function Z(X,Y) is very benign, 
however, s t ra ight forward  in t e rpo la t ion  schemes produce unrea l  values i n  the  
v i c i n i t y  of s t rong  l o c a l  va r i a t ions .  The most successfu l  and generally appli-  
cab le  algorithm f o r  regular  g r i d  in t e rpo la t ion  is due t o  Akima ( r e f .  14 ) .  The 
method is, i n  f a c t ,  t h e  b i v a r i a t e  analog of t h e  successfu l  un iva r i a t e  scheme 
described i n  re ference  6. 
f o r  der iv ing  values from a b i v a r i a t e  t ab le ,  and a smooth sur face  mode, where a 
dense a r r ay  of i n t e rpo la t ed  p o i n t s  are returned f o r  subsequent p lo t t i ng .  
author has used these  rout ines  i n  many s i t u a t i o n s ,  always with good r e s u l t s .  
I f  t he  
The program has a simple in t e rpo la t ion  e n t r y  poin t  
The 
In t e rpo la t ion  from Scat te red  Observations 
A more real is t ic  case than t h a t  of t h e  above, is  where t h e  da t a se t  cons i s t s  
of a t a b l e  of Z values known only a t  i r r e g u l a r  and a r b i t r a r i l y  spaced X-Y 
coordinates. Most s p a t i a l l y  d i s t r i b u t e d  geographic d a t a  i s  i n  t h i s  category, 
as is  experimentally derived b i v a r i a t e  da ta .  The process of i n t e rpo la t ing  from 
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s c a t t e r e d  observat ions t o  produce a r egu la r  g r i d  is much more chal lenging than 
the  corresponding problem f o r  r egu la r  da ta ;  over 100 papers have been published 
on the  s u b j e c t  over the l a s t  20 years .  The problem s t e m s  from choosing an 
i n t e r p o l a t i o n  func t ion  that w i l l  no t  b i a s  t h e  da t a  thus derived. Two i n t e r e s t -  
ing  and success fu l  s o l u t i o n s  t o  th i s  problem have r ecen t ly  appeared. 
due t o  Akima ( r e f .  15 ) ,  who w e  have referenced t w i c e  a l ready.  H e  again extends 
h i s  " loca l  procedure" scheme. t o  handle t h e  case of i r r e g u l a r l y  spaced i n i t i a l  
data .  
paper. 
One is 
The r e s u l t s  are i n  exce l l en t  agreement wi th  test d a t a  presented i n  h i s  
Tobler ( r e f .  16)  has  r ecen t ly  produced another  approzch t o  t h i s  problem, 
which amounts t o  an i terative s o l u t i o n  of t h e  biharmonic equat ion i n  t h e  
v i c i n i t y  of each da ta  poin t .  H i s  program produces r e s u l t s  equal  t o  those of 
A k i m a ,  us ing t h e  same data .  
Surface P l o t t i n g  
Once t h e  d a t a s e t  has  been r egu l s r i zed ,  one can proceed t o  produce a p l o t  
of t h e  su r face  i t  descr ibes .  Any method t h a t  is  t o  be acceptab le  f o r  our 
purposes must s a t i s f y  t h r e e  cri teria:  
a)  user-specif ied perspec t ive  p ro jec t ions  of t he  su r face  must be  
obta inable ,  
b) hidden l i n e s ,  e.g., t h e  back of t h e  su r face  must be el iminated,  
c )  one should be  a b l e  t o  d i sp l ay  t h e  su r face  as viewed from any or ien ta-  
t i o n ,  inc luding  from below. 
There are dozens of  su r face  p l o t t i n g  packages but  only a few s a t i s f y  a l l  
these  c r i t e r i a .  One t h a t  does is due t o  Williamson ( r e f .  17) .  It is  acceptab le  
i n  a l l  t h ree  of t h e  above respec ts  bu t  i t  might be  c r i t i c i z e d  f o r  i t s  l ack  of 
genera l i ty .  It i s  very much p l o t t e r  o r i en ted ,  expressing s i z e  va r i ab le s  i n  
terms of inches r a t h e r  than a b s t r a c t  u se r  un i t s .  Another system which is  
acceptable  i n  a l l  r e spec t s  w a s  developed by Wright ( r e f .  18) and forms p a r t  of 
t h e  impressive NCAR graphics  package ( r e f .  19).  Wright's program has  many 
opt ions  f o r  represent ing  a sur face ,  including'cross-hatching and the  production 
of s t e r e o  p a i r s .  Figure 7 i s  an example of a su r face  produced by Wright's 
pro gram. 
DATA PROCESSING AND ENHANCEMENT 
Shad i n  g and Cro ss -Ha t  ch i n  g 
It is  o f t e n  t h e  case t h a t  one wishes t o  au tomat ica l ly  shade o r  cross-hatch 
a genera l  two-dimensional polygon. This c a p a b i l i t y  i s  f requent ly  required f o r  
a r c h i t e c t u r a l  app l i ca t ions ,  engineer ing drawings, and thematic  cartography. 
The t a s k  is, given an n-sided simply connected polygon with no r e s t r i c t i o n s  on 
concavity o r  convexity,  f i n d  t h e  i n t e r s e c t i o n  of a family of shading l i n e s  wi th  
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t h e  boundary of t h e  polygon. The l i n e s  are then drawn with the  proper angle 
and spacing. 
o r i en ta t ion ,  and perhaps spacing. 
va r i ab le  spacing between shading l i n e s  s o  t h a t  a r b i t r a r y  and unusual pa t t e rns  
can be obtained. F ina l ly ,  i t  is des i r ab le  t o  be a b l e  t o  shade a multiply con- 
nected region by spec i fy ing  i n v i s i b l e ,  coincident c u t  po in t s  t h a t  j o i n  inner  
and ou te r  boundaries of a polygon. 
For cross-hatching t h i s  process is  repeated f o r  a d i f f e r e n t  
A general  shading rou t ine  should a l s o  permit 
A l l  of these d e s i r a b l e  p rope r t i e s  are displayed i n  f i g u r e  8, which w a s  pro- 
duced by an algorithm o r i g i n a l l y  suggested by Dwyer ( re f .  20) and implemented 
by P h i l l i p s  ( r e f .  21). The algorithm uses vec tor  a lgebra  f o r  t h e  computation 
of shading l i n e  in t e r sec t ions ,  an operation t h a t  is simulated i n  re ference  2 1  
by t h e  complex a r i thme t i c  f ea tu res  of FORTRAN. 
shading i s  shown i n  f i g u r e  9 ,  a thematic map showing t h e  loca t ion  of w a t e r  
po l lu t ing  i n d u s t r i e s  i n  New England. Another shading program has been developed 
by Ison ( r e f .  22)  which i s  capable of complex pa t t e rns  such as b r i cks ,  s o i l  
pa t t e rns ,  e t c .  This package, however, seems unnecessarily or ien ted  toward the  
d i g i t a l  p l o t t e r  as an output device. 
A more e l abora t e  example of 
Windowing and Shielding 
The process of methodically preventing some p a r t  of a graphica l  d i sp lay  
from being p lo t t ed  i s  known as c l ipp ing .  
rows h i s  f i e l d  of view i n  h i s  coordinate space, e.g. zooming i n  f o r  more d e t a i l ,  
and t h e  p a r t  of t h e  p i c t u r e  f a l l i n g  outs ide  t h a t  area i s  not t o  be seen. The 
boundaries of t h e  narrowed f i e l d  of view is c a l l e d  a viewport and can generally 
be formed by any polygon. Usually, however, t h e  viewport is simply a rec tangle ,  
making t h e  process of c l ipp ing  s t ra ight forward  ( r e f s .  23 and 2 4 ) .  The most 
general case involves any simply connected polygon, concave o r  convex. More- 
over, t h e  t e r m  window implies t h a t  t h e  por t ion  of a p i c t u r e  i n s i d e  t h e  viewport 
is  t o  be seen, while t h e  viewport acts as a s h i e l d  i f  t h e  p i c tu re  outs ide  i t  is  
t o  be v i s i b l e .  Behler and Zajac ( r e f .  25) have published an algorithm f o r  
t r e a t i n g  t h i s  general  case. The problem d i f f e r s  from t h e  one of general  shad- 
ing  i n  t h a t  i t  does not  dea l  w i th  a family of l i n e s  having common charac te r i s -  
tics; here every l i n e  is  a s p e c i a l  case. An example of polygonal windowing is 
shown i n  f igu re  10. There the  polygon i s  t h e  lower peninsula of Michigan con- 
s i s t i n g  of 370 po in t s ,  which windows contour l i n e s  t h a t  have been computed on 
a rec tangular  g r i d  t h a t  i s  much l a r g e r  than t h e  polygon. 
This i s  o f t en  done when the  user  nar- 
SUMMARY 
A reader may f i n d  f a u l t  wi th  t h i s  l imi t ed  survey f o r  having omitted seve ra l  
of h i s  f a v o r i t e  graphics rou t ines ;  t h i s  is inev i t ab le .  I have endeavored t o  
d iscuss  a l l  packages of which I am aware (one could do no more) & with the  
important s t i p u l a t i o n s  t h a t  t h e  software is  of proven u t i l i t y ,  i t  can e a s i l y  be 
i n s t a l l e d  on most machines, i t  i s  ava i l ab le  (from the  sources referenced),  and 
t h e  cos t ,  i f  any, is nominal. Naturally,  t h e  author welcomes any r eve la t ions  
of o the r  software t h a t  s a t i s f i e s  these  cons t r a in t s .  
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Figure 1.- Automatic scale generation. 
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Figure 2.- Hershey's software character fonts. 
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Figure 3.- Curve fitting with Akima's method. 
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Figure 4 . -  Application of Cline's tension splines. 
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Figure 5.- Application of Powell's smoothing splines. 
Figure 6,- Representation of a complex dataset 
as a three-dimensional surface. 
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Figure 7.- Three-dimensional representation 
of a mathematical function. 
Figure 8.- Shading of compound polygons. 
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